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ABSTRACT 
Alsari, Saad. M.S. Department of Physics, Wright State University, 2018, The Influence of 
a Surface on Hysteresis Loops for Single-Domain Ferromagnetic Nanoparticles. 
 
The influence of surface effects on a hysteresis loop for single domain, ferromagnetic 
nanoparticles was examined. Theoretical equations were derived to describe the magnetic 
behavior of the domains and a MATLAB program was used to solve them. The magnetization M 
vs magnetic field H curves were calculated for the case when a magnetic field is applied in the 
favorable magnetization direction (easy axis).  In contrast, the calculations show there were no 
hysteresis loops when the magnetic field was applied perpendicular to the easy axis. Our studies 
showed how parameters of the surface such as α associated with saturation magnetization near 
the surface of nanoparticles and Ks related to anisotropy had an impact on the hysteresis loop.  
The hysteresis loops were calculated for single-domain nanoparticles of MnBi, CoPt, and 
FePt. These materials have a wide range of values of radius R between the critical radius Rc10 
for transition to the superparamagnetic phase and the critical radius Rc20 for transition to a multi-
domain structure and also for high and low values of the volume anisotropy K0 which were used 
for analysis. 
The results showed that coercivity increased with increasing values of α, which is related 
to a decreasing interaction between magnetic moments, and thus saturation magnetization at the 
surface. They also showed that the coercivity increased with increasing values of Ks, which is 
related to the anisotropy. In contrast, the remanence decreased with increasing values of α and 
remained constant with increasing values of Ks.  In addition, the coercivity and remanence 
increased with increasing values of the radius R of the single domain region. Furthermore, 
theoretical results showed that the area enclosed by each hysteresis loop have almost the same 
iv 
 
value of energy density for different values of α whereas, the area enclosed by each hysteresis 
loop has an increased value of energy density for increasing values of Ks. 
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I. INTRODUCTION 
Nanoscience is a vital field that allows specialists and researchers to design materials at 
atomic levels with the objective of improving the lives of people through medical and lifestyle 
solutions. Moreover, since manufacturers are designing products, such as phones and computers 
with small components, it is vital for one to study the nanoscale environment because it provides 
the technological foundation for these components. The nanoscale has been defined to be objects 
which have at least one working dimension of 100 nm or less. Nanoparticles should have a 
diameter ranging from 0.1 nm to a hundred nanometers. Magnetic nanoparticles can have a 
response to a magnetic field that leads to its application in medicine or other areas in technology.  
For instance, nanoparticles are used medically in the treatment of cancer [1].  
 Because of their small size, magnetic nanoparticles offer significant advantages in some 
areas of research, such as medicine, chemistry, and electronics. For example, when the size of 
nanoparticles is reduced, the surface to volume ratio of nanoparticles increases. Because of that, 
a significant fraction of atoms associated with surfaces can dominate magnetic material 
properties. Thus, surface atoms in magnetic nanoparticles experience different environments than 
those in the center of the nanoparticles.  Consequently, researchers are concentrating on how 
nanoparticles can be used in sectors of biotechnology, material science, engineering, and 
environment fields [2].  
In this Thesis, we have concentrated on some of the main properties of magnetic 
nanoparticles that may be significantly different from the magnetic properties of the bulk 
materials. For example, the remanence Mr, the saturation magnetization Ms, the anisotropy K, the 
coercivity Hc, the Curie temperature Tc and Neel temperature TN of the magnetic nanoparticles 
can be different in comparison to bulk materials [3]. These differences will be discussed in later 
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Chapters. Therefore, the alternation of such properties due to modification of nanoparticles will 
result in various applications that increase their effectiveness. 
GOALS OF MY THESIS 
The major purpose of my research is to find how a surface layer effects the hysteresis 
loops for single-domain ferromagnetic nanoparticles. In particular, the changes in the coercivity 
and remanence due to surface effects are addressed. The influence of (a) a particle radius, (b) a 
surface anisotropy constant, and (c) a modified value for the magnetization saturation on the 
hysteresis loop for single-domain ferromagnetic nanoparticles is discussed. Two extreme 
configurations of an applied magnetic field with respect to the easy axis of magnetization are 
studied namely, the applied magnetic field perpendicular and parallel to easy axis. 
CHAPTERS SUMMARY        
Chapter I (Introduction) outlines the pivotal role and significant uses of magnetic nanoscale 
particles. In this Chapter, the Thesis goals are specified and the contents of each Chapter are 
summarized. 
Chapter II (Magnetic Materials Properties) reviews some fundamental magnetic principles and 
basic concepts of magnetism with a concentration on classification of magnetic materials and 
their responses when they are subjected to an external, applied magnetic field. Also, a unique 
superparamagnetic phase is introduced with a detailed description of its behavior. 
Chapter III (Magnetic Domains) describes the formation of magnetic domains, the magnetic 
domain wall or Bloch wall, and the properties of the single-domain configuration. Further, it 
deals with different types of magnetic energies that contribute to its magnetic behavior such as 
the exchange, anisotropy, magnetoelastic, magnetostatic, and Zeeman energies. 
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Chapter IV (The Hysteresis Loop) elaborates on the process of magnetization as the applied 
magnetic field is changed. Details of the hysteresis loop for multi-domain and single-domain 
ferromagnetic nanoparticles and the properties of soft and hard magnetic materials are described.  
Chapter V (Surface Effects) explains how the finite-size and surface effects of ferromagnetic 
nanoparticles cause a modification of the magnetic properties, including saturation 
magnetization, exchange interaction, and anisotropy, as the size of a magnetic material reduces to 
the nanoscale level. 
Chapter VI (The Critical Radii of Ferromagnetic Nanoparticles) shows a derivation of the critical 
radii for the transition between the superparamagnetic phase and single-domain structure and for 
the single-domain and multi-domain structure by comparing the magnetic energies between them 
at each critical radius. In addition, this Chapter describes the coercivity and remanence at the 
critical radii. 
Chapter VII (The Influence of a Surface on Hysteresis Loops for Single-domain Ferromagnetic 
Nanoparticles) shows a derivation of the coercivity and remanence for single-domain 
ferromagnetic nanoparticles in terms of surface effects and describes the hysteresis loop for the 
single-domain configuration. 
Chapter VIII (Results and Discussion) shows numerical results for the coercivity and remanence 
as a function of surface effects described by the parameters α related to the saturation 
magnetization, the surface anisotropy Ks, and the particle radius R. In addition, this Chapter 
discusses the influence of a surface described by these parameters on hysteresis loops for single-
domain ferromagnetic nanoparticles. 
Chapter IX (Conclusion and Future Goals) summarizes the main results and presents some ideas 
that can be pursued in the future. 
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Chapter X (References) shows the sources used in this Thesis.  
Chapter XI (Appendices) contains numerical results for FePt and CoPt ferromagnetic 
nanoparticles and the Matlab code for the numerical solutions.  
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II. MAGNETIC MATERIALS PROPERTIES 
The main source of magnetism requires an elementary knowledge of the magnetic 
moment. This is given in terms of the orbital and rotational motion of the electrons. Orbital 
motion of electrons means that the electron is moving around the atomic nucleus and the 
associated magnetic moment is given as follows (Eq. (1)) [3]                                                                                                        
                                                          𝐦L 
 
= γL 𝐋                                                                           (1)                                                
where mL is a magnetic moment for orbital motion, γL = gLq / 2me is gyromagnetic ratio which 
is associated with the orbital motion of the electron, gL = 1 is a factor associated with orbital 
motion, q is the charge of the particle, me is the mass of electron, and L is the orbital angular 
momentum. The spin of an electron contributes a magnetic moment expressed as follows (Eq. 
(2)) [3]   
                                                          𝐦S 
 
= γS 𝐒                                                                    (2)                                              
where mS is a magnetic moment for spin, γS = gSq / 2me is gyromagnetic ratio, gS = 2 is a 
factor associated with electron’s spin, and S is electron’s spin. The resultant motion of the 
electron creates a magnetic moment for orbital motion mL and a magnetic moment for electron’s 
spin mS as shown in Fig. 1. The net magnetic dipole moment is given by summing the orbital and 
rotational magnetic moments [3]. 
The magnetization is defined as the summation of the magnetic dipole moments divided 
by the unit volume of a solid and is expressed as follows (Eq. (3)) [3]   
                                           
                                          𝐌 = ∑ 𝐦𝑖 𝑖  V ⁄                                                                                      (3) 
 
6 
 
Where M is magnetization, 𝐦i is ith magnetic moment, and V is the volume of the magnetic 
material. In general, a torque is exerted on the magnetic moments in the presence of magnetic 
field H. The ratio between magnetization M and an applied magnetic field H defines the 
susceptibility χ expressed as follows (Eq. (4)) [5]                                                   
                                                   χ =  Μ/H                                                                 (4)                                               
The ratio between the magnetic induction B and an applied magnetic field H determines the so-
called magnetic permeability µ. Eq. (5) describes this ratio                                                        
                                                   µ =  B/H                                                                                   (5) 
The relative permeability is defined as µr ≡  µ/µ0 = (1 +  χ), where µ0 is permeability of free 
space.  
 
 
Figure 1. The orbital and rotational magnetic moments [4]   
                                                                                                                                                            
CLASSIFICATION OF MAGNETIC MATERIALS                                                  
Materials are affected by an external magnetic field, but with varying response. They are 
divided in terms of their magnetic moment arrangements into several types: diamagnetic, 
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paramagnetic, ferromagnetic, antiferromagnetic, and ferrimagnetic materials. The latter four are 
shown in Fig. 2.  
 
Figure 2. Configurations of magnetic dipole moments in different type of materials [7] 
DIAMAGNETIC MATERIALS                                                            
Diamagnetic materials have weak magnetic moments which are generated by circulating 
electrons around its nucleus. These current loops’ magnetic moments are opposed to the applied 
magnetic field H according to Lenz’s law. Diamagnetic materials have a relative permeability µᵣ 
less than 1 and a negative magnetic susceptibility χ.  The diamagnetic susceptibility is described 
by Eq. (6) [6]  
                                                 χ = - N Z e
2
 < r
2
 >/ me c
2
                                                             (6) 
where r is radial coordinate of the electrons. The magnetization of diamagnetic materials is 
independent of temperature. Examples of these materials are gold, copper, silver, bismuth, and 
many molecules [6]. The magnetization curve (M vs H) and the susceptibility as a function of 
temperature for diamagnetic materials are shown (green lines) in Fig. 3. 
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Figure 3.  Magnetization vs applied field (a) and susceptibility vs temperature (b) for 
paramagnetic and diamagnetic materials [8].  
 
          
PARAMAGNETIC MATERIALS        
 In these materials, individual molecules have a net magnetic moment because of unpaired 
electrons’ spin and their orbital motion [7]. They are characterized by being weakly attracted to 
applied field, and when they are under an applied magnetic field, the internal magnetic moments 
align with the direction of the external magnetic field H [7]. Similarly to diamagnetic materials, 
paramagnetic materials lose magnetization once an applied field is withdrawn [7]. In fact, a sum 
of the magnetic moments of a paramagnetic material depends on both the temperature T and the 
externally applied magnetic field H [7] as follows (Eq. (7))                                                             
                                                                  M ~ H T⁄                                                                      (7) 
which is known as Curie law. The temperature dependence of the magnetization M and the 
susceptibility χ is shown in Fig. 3. Eq. (7) as well as the magnetization curve for a paramagnetic 
material is plotted as a red curve in Fig. 3a. Paramagnetic materials result from the presence of 
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permanent magnetic moments with little interaction with each other as shown in Fig. 2 [8]. In the 
presence of a magnetic field, moments orient themselves in the direction of the magnetic field. 
FERROMAGNETIC MATERIALS 
In ferromagnets, atoms exhibit regions with parallel aligned magnetic moments when the 
exchange interaction between the magnetic moments is strong with respect to thermal energy as 
seen in Fig. 2. Each region that has magnetic moments in the same direction that can be summed 
up to a single giant moment called a domain [9]. Fig. 4a shows two domains and Fig. 4d a single 
ferromagnetic domain. One of the most important physical characteristics of a ferromagnet is 
spontaneous magnetization Ms which means that each domain has magnetization in the absence 
of applied magnetic field. When they are subjected to magnetic field, domains with their 
moments close to be parallel to the applied field enlarge by causing moments in neighboring 
domains to be arranged in the direction of the applied field as shown in Fig. 4b. All the domains 
being aligned with the applied field is called magnetic saturation as shown in Fig. 4d [8]. When a 
magnetic field increases, the magnetization will evolve towards the magnetic field direction as 
shown in Fig. 4c. However, without an applied magnetic field, a ferromagnetic material does not 
lose all its magnetization because some magnetic domains remain larger than others and are still 
left aligned, leading to a remanent magnetization. Fig. 4c depicts a magnetized material, at 
saturation, but only partially aligned parallel to the magnetic field. Hence, the magnetization in 
the direction of the applied magnetic field becomes (see Eq. (8)) 
                                                      Μ =  Ms cosθ                                                                        (8) 
where θ is angle between the direction of magnetization Ms and the direction of the applied 
magnetic field. This is caused by crystallographic effects or overall shape of the materials 
limiting the alignment of the domains.        
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 Magnetization depends on temperature. When a ferromagnetic material is driven to 
elevated temperature above the so-called the Curie temperature, it behaves like a paramagnetic 
material because the magnetic moments will begin to orient randomly and the magnetization 
goes away. Above the Curie temperature, susceptibility described by Curie-Weiss law as follows 
(Fig. 5 and Eq. (9)) [5] 
                                                       χ = C/(T −  TC)                                                                    (9) 
where C is the Curie constant and TC is the Curie temperature. Below the Curie temperature, 
materials return to the ferromagnetic state and its susceptibility has a very complex form. Iron, 
cobalt, and nickel are examples of ferromagnetic materials. 
 
Magnetization process in 
FERRIMAGNETIC MATERIALS 
Ferrimagnetism refers to antiparallel orientation of neighboring magnetic moments which 
are unequal in magnitude as shown in Fig. 2. Therefore, magnetic moments do not balance each 
other completely. Hence the material will have a magnetization below the Curie temperature. As 
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with ferromagnetic materials, above the Curie temperature the magnetic moments become 
randomly oriented and so the resultant magnetization is zero. 
ANTIFERROMAGNETIC MATERIALS 
An antiferromagnetic material has a zero magnetization due to the summing of magnetic 
moments in opposite directions as shown in Fig. 2. When antiferromagnetic material is placed 
above a transition temperature called the Neel temperature TN, antiferromagnetic materials 
behave like the paramagnetic phase. Above the Neel temperature, the temperature dependence of 
the susceptibility is expressed by a Curie-Weiss law as follows (Eq. (10)) [5] 
                                                      χ =  C/(T + TN)                                                                   (10) 
where C is the constant. Below the Neel temperature, the susceptibility can be represented by 
parallel or perpendicular components to the applied magnetic field. The parallel susceptibility 
decreases to zero as a function of temperature and the perpendicular susceptibility is constant. 
Fig. 5 depicts the 1/χ vs temperature above and below the Neel temperature.                  
SUPERPARAMAGNETISM         
 The superparamagnetic phase is a unique magnetic phase that occurs when a magnetic 
particle, the size of a nanoparticle, is smaller than a certain critical radius, especially in 
ferromagnetic and ferrimagnetic materials. Below the critical radius, the magnetic moments can 
randomly be aligned if the material is above a transition temperature called blocking 
temperature. In this case, the thermal energy E = kBT (kB is the Boltzmann constant and T is 
absolute temperature) is sufficient to overcome the energy barrier due to the anisotropy effect 
which will be discussed later [10]. Thus, ferromagnets and ferrimagnets exhibit paramagnetic 
phases below a certain critical radius which eliminates any remanence in the absence of an 
applied magnetic field and results in an increasing magnetization in the presence of an applied 
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magnetic field. Above the blocking temperature, the probability for the barrier to be overcome by 
thermal energy is proportional to exp(–KV/kBT) where K is anisotropy constant and V is the 
sample volume. Thus, the magnetic properties of nanoparticles above the blocking temperature 
depend on the ratio t/τ where τ is the average time to reach thermodynamic equilibrium and t is 
the length of time after removing the magnetic field. At thermodynamic equilibrium, the 
hysteresis loops are not present in the superparamagnetic regime in presence of magnetic field. 
Consequently, the time dependence of the magnetization can be expressed as follows Eq. (11) 
[10] 
                                          M(t) /M(t = 0)  = exp(−t/τ)                                                         (11) 
The relaxation time τ is given by Neel-Brown formula as follows (Eq. (12) [17, 18])  
 τ−1 = f0 exp(−∆E/kBT)                                                           (12) 
where f0 is factor of variable frequency )its reciprocal is the attempt time τ0) and its value is 
around 10
9
s
-1
 ΔE = KV is the energy barrier that is required to reverse the magnetization, K is the 
anisotropy constant, and V is the volume of the spherical nanoparticle (V = 4πR3/3). 
            When a large field is applied in the reverse direction, it will cause a reduction of the 
energy barrier so that the energy barrier can be overcome by the thermal energy during the 
measurement time. The field that reduces the energy barrier sufficiently is called the coercive 
field and is given by Bean-Livingston formula as follows (Eq. (13) [11]) 
                                                Hc,o = 2K[1 − (Vp  V⁄ )
3/2
] Mso⁄                                                (13) 
where Vp is the particle volume for transition from the superparamagnetic phase to single-
domain structure, and V is the particle size of a single-domain structure. 
            Experimentally, the time elapsed during the measurement of magnetization for 
nanoparticle is called the measurement time τm. There are two states that will be observed 
13 
 
depending on the value of relaxation time τ. First, if the measurement time τm is greater than the 
relaxation time τ the magnetic moments will flip their direction many times and the net 
magnetization is zero during the measurement. During this time the nanoparticle will appear in a 
superparamagnetic state as shown in Fig. 6a. Second, if the relaxation time τ is greater than the 
measurement time τm the magnetic moments will be observed as stuck in one direction and the 
net magnetization will be as it is when the nanoparticle is observed in a blocked state as shown in 
Fig. 6b. A transition temperature between superparamagnetic and blocked states is called the 
blocking temperature TB and occurs when  τm =  τ. The blocking temperature is expressed by Eq. 
(14) 
                                                   TB = K V kBln( τm τ0⁄ )⁄                                                           (14) 
 
Eq. (10) is not valid for large nanoparticles due to the presence of domain walls between the 
uniformly magnetized regions. 
 
Figure 5. Temperature variation of susceptibility in antiferromagnetic, ferromagnetic, and 
paramagnetic materials [7] 
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Figure 6. Superparamagnetic (a) and blocked states (b) in magnetic nanoparticles [12] 
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III. MAGNETIC DOMAINS 
In magnetism, a domain is the region of magnetic material that has uniform 
magnetization in which the magnetic moments are in a certain direction and can be summed up 
to a single giant moment. Therefore, each domain has saturation magnetization. However, the 
magnetization direction of domains may vary from one domain to another. Magnetic domain 
structure plays a fundamental role in determining the magnetic behavior of ferromagnetic and 
ferrimagnetic materials. This involves the formation of a resultant magnetization in the response 
of magnetic materials to an external magnetic field. Magnetic domain theory was first developed 
in 1906 by French scientist Pierre-Ernest Weiss to understand the magnetic structure. He 
proposed that ferromagnetic materials have magnetic domains. Weiss suggested that the 
existence of a molecular field due to the strong interaction between neighboring magnetic 
moments is responsible for parallel alignment of the magnetic moments and thus resulting in 
spontaneous magnetization [19]. 
DOMAIN STRUCTURE 
The demagnetization field is the magnetic field created by the magnetic moments inside 
and outside of a piece of magnetic material. This field is responsible for creation of a domain 
structure in these materials. A large domain in the ferromagnetic material with a saturation 
magnetization will generate a large demagnetization field in the space surrounding it as seen in 
Fig. 7a. The interaction between the demagnetization field and the magnetization of a magnetic 
domain results in magnetostatic energy. To reduce this energy, the ferromagnet splits into two 
domains with opposite direction in the magnetization (see Fig. 7b). The continued, energetically 
driven subdivision results in further reduction of the spatial extent of demagnetization field and 
the creation of many domain walls as shown in Fig. 7c. The transition layers separating magnetic 
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domains are called domain walls. As a result of the gradual change in the direction of the 
magnetic moments from one domain to another across the domain wall, the width of the domain 
wall is dependent on the amount of the energy needed to change orientation of the magnetic 
moments. Therefore, the energy of the exchange interaction between neighboring magnetic 
moments and the anisotropy energy (related to the orientation of the magnetization) with respect 
to the easy axis, play the most important role in determining the width of the domain walls. The 
energies mentioned above are two of five energies that control magnetic behavior: exchange, 
anisotropy, magnetoelastic, magnetostatic, and Zeeman energies. These are described in detail 
below. 
 
Figure 7. Domain structure [8] 
EXCHANGE ENERGY  
The exchange energy arises from the interaction between the spins of neighboring atoms. 
For some materials when spins are aligned parallel this energy is minimized and leads to the high 
magnetostatic energy. This energy increases when spins are in different directions. In low 
anisotropy of materials, the spins are directed in a circular pattern, as seen in Fig. 8a, and 
separated by an atomic lattice constant. The total magnetic energy is largely due to the exchange 
interaction between spins of neighboring atoms because magnetostatic energy is almost 
negligible. The exchange energy between spins of neighboring atoms is given by Eq. (15) [3] 
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                                            Eex = – 2Jij Si Sj cos φij                                                       (15)   
where Jij is the exchange integral for spins of atom i and its neighbor atom j [3]. φij is the angle 
between the directions of the i and j pair of spins. If all spins have the same magnitude, Eq. (15) 
can be written, in the nearest neighbor approximation with Jij = J and φij = φ << 1 as follows 
(Eq. (16))  
                                                 Eex = J S
2
 φ
2
                                                                     (16)  
 
 
Figure 8. Domain arrangements of high and low anisotropy in magnetic nanoparticles [8] 
 
 
MAGNETOCRYSTALLINE ANISOTROPY ENERGY 
In ferromagnets, crystallographic axes are defined as either hard or easy directions of 
magnetization, where the latter are the energetically favorable directions. The magnetic moments 
will tend to be spontaneously aligned along an easy axis but they can be directed along hard axis 
of magnetization with difficulty. Fig. 9 shows the setting for an applied magnetic field H, the 
associated magnetization M, and the angle θ between the magnetization and an easy axis. The 
energy required to align the magnetic moments away from an easy axis towards the hard axis of 
magnetization is called the anisotropy energy. The anisotropy energy is given by Eq. (17) [5] 
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                                               Ea = Ksin
2θ                                                                                 (17) 
where K is the anisotropy constant and θ is the angle between the magnetization and the easy 
axis. The magnetic nanoparticles discussed in this Thesis have cubic or uniaxial crystallographic 
structures as shown in Fig. 8b and c, respectively. 
 
 
Figure 9. Magnetization M and magnetic field H directions with respect to the easy axis of a 
crystal [5] 
 
              
CUBIC CRYSTAL 
Magnetic nanoparticles with higher anisotropy create a domain wall or Bloch wall (Fig. 
10) to minimize the total energy which is generated from the interaction between the 
demagnetization field and the magnetization (magnetostatic energy) and the exchange and the 
anisotropy energies. A Bloch wall is a narrow transition zone between adjacent magnetic 
domains, especially in a bulk material where the wall’s width is smaller than the size of magnetic 
material. The total energy of the nanoparticle for a cubic structure needed to create a Bloch wall 
can be expressed by Eq. (18) [3] 
                                          Ewall = 2σwπR
2                                                                              (18) 
where σw is the Bloch wall energy per unit area of the wall, R is the spherical nanoparticle’s 
radius, the 2πR2 is the Bloch walls’ area for spherical nanoparticles of high anisotropy as seen in 
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Fig. 8b. The magnetic moments gradually rotate of the uniaxial crystal (see, Fig.8c) through 
many atomic planes, changing direction from 0˚ to 180˚ within the wall. If the wall extends over 
N atomic planes and if a is the lattice constant, the magnetocrystalline anisotropy energy per unit 
surface can be written, as a rough estimate, as follows (Eq. (19)) [3]   
                                               σan ≈ KNa                                                                                    (19) 
where K is the anisotropy constant per unit volume and N times a is the thickness of Bloch wall. 
The total domain wall energy per unit area can be determined in terms of the exchange energy 
and the anisotropy energy as follows (Eq. (20)) 
                                               σw =  σan +  σex                                                                          (20) 
where σex is the exchange energy per unit area of a domain wall, which can be expressed by Eq. 
(21) [3] 
                                              σex =  JS
2π2 Na2⁄                                                                          (21) 
Thus, the total energy of a domain wall can be expressed by Eq. (22) 
                                              𝜎𝑤 ≅   JS
2π2 Na2⁄ + KNa                                                             (22) 
To find the width of the Bloch wall, we minimize this energy with respect to N. This leads to the 
expression for the wall width as follows (Eq. (23)) [3] 
                                                 δ = Na = πS (J aK)⁄
1/2
                                                             (23) 
where S is the electron’s spin, J is the exchange integral for the nearest neighbor’s interaction, a 
is the atomic lattice constant. 
UNIAXIAL CRYSTAL 
A crystal which has domains with opposite directions of magnetization and only one easy 
axis with two directions is called a uniaxial crystal as seen in Fig. 8c. The total energy of a 
spherical magnetic nanoparticle with uniaxial configuration is given by Eq. 24 [8] 
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                              Euni =  πσwR
2 + 4π²Ms
2R³ 9⁄                                                                  (24)   
where R is the critical radius of nanoparticle and Ms is the saturation magnetization. However, in 
the absence of a domain wall, the magnetic energy of a single domain is given by Eq. (25) 
                                   Euni/single = 8π²Ms
2R³ 9⁄                                                                        (25) 
These expressions will prove useful in finding the critical radius of low anisotropy nanoparticles 
for multi-domain to single-domain transition.  
 
 
Figure 10. A Bloch wall [3] 
MAGNETOELASTIC ANISOTROPY ENERGY 
When ferromagnetic materials are subjected to an applied magnetic field, they are 
magnetized in different directions along easy axes. This effect causes a slight change in the shape 
and dimensions of these materials which is called magnetostriction. Therefore, the interaction 
between the directions of magnetization and elastic strains of the lattice parameters requires 
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additional energy to magnetize these materials and creates a magnetic domain. This additional 
energy is called magnetoelastic anisotropy energy Eme which is given by Eq. (26) [12] 
                                               Eme = 3λTssin²θ 2⁄                                                                      (26) 
where λ is the strain and θ is the angle between the direction of magnetization and the direction 
of the tensile stress Ts. 
MAGNETOSTATIC ENERGY                                                                              
The interaction between the internal magnetic field which is created by the magnetic 
moments in a piece of magnetic material and the magnetization of the same piece of material is 
called magnetostatic energy. Ferromagnetic materials are divided into small magnetic domains in 
order to reduce this energy as seen in Fig. 11. The magnetostatic energy density can be expressed 
by Eq. (27) [7] 
                                                    Ed = − Ms ⋅ Hd 2⁄                                                                    (27) 
where Hd is the demagnetizing field. 
ZEEMAN ENERGY         
 This energy is generated when a ferromagnetic material is subjected to an applied 
magnetic field. The interaction energy between the magnetization and an external magnetic field 
is called the Zeeman energy defined as follows (Eq. (28)) [7] 
                                               Ez =  − MsH cosθ                                                                        (28)   
where θ is the angle between the direction of an applied magnetic field and the saturation 
magnetization Ms. 
22 
 
 
Figure 11. The magnetic field lines show the demagnetization field. Subdivision into domains of 
the ferromagnetic material reduces the magnetostatic energy [7]. 
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IV. THE HYSTERESIS LOOP 
In this Chapter, we will discuss the hysteresis loop for ferromagnetic nanoparticles, 
which is associated with the response of magnetization to externally applied magnetic field. The 
resultant magnetization created by an applied magnetic field is due to increasing volume of the 
domains with the magnetization close to the direction of the applied external magnetic field. 
When the value of an applied magnetic field increases, the domain wall displacement continues 
until a maximum magnetization is reached. However, upon a reduction of magnetic field 
intensity the magnetization will not relax to zero immediately after an imposed magnetizing field 
is withdrawn. Hence, an oppositely directed magnetic field must be used to demagnetize a 
ferromagnetic material, meaning that the resultant magnetization is reduced again to zero. Thus, 
when a changing magnetic field is imposed on the material, its magnetization will trace a loop in 
the magnetization M vrs. magnetic field H plane called an hysteresis loop. A hysteresis loop can 
occur both in multi-domain and single-domain ferromagnetic nanoparticles (Fig. 12).                                                                                                          
DETAILS OF THE HYSTERESIS LOOP FOR THE MULTI-DOMAIN STRUCTURE                                                
  In multi-domain ferromagnetic nanoparticles, when an applied magnetic field increases, 
the magnetization of ferromagnets will increase toward a saturation level where the domains 
have become mostly aligned with the applied field. If it reaches saturation then the curve will 
level off. An example of so-called a virgin curve of magnetization is seen in the dotted curve of 
Fig. 12. Evidently, the relationship between the magnetization and applied magnetic field is non-
linear. When one reduces the applied magnetic field to zero, the domains do not become 
completely random so that some of the magnetization will remain. This behavior is marked at 
point B in Fig. 12. This residual magnetization is called the remanent magnetization Mr. When 
an increasingly large magnetic field is applied in the reverse direction, it will cause the material 
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to become not magnetized. This is shown by the portion of the magnetization M vs magnetic 
field H between points B and C in Fig.12 which means that at point C the domains are again 
randomly oriented. The value of the applied magnetic field at point C is called the coercive field 
Hc. If the magnetic field continues to increase in the reverse direction, the value of the 
magnetization will increase toward the saturation level but in the opposite direction to what was 
observed when the magnetic field was applied in the forward direction. This behavior is shown 
by the curve between points C and D in Fig.12 which means that domains are nearly aligned in 
the reverse direction at point D. Overall, the process may be continued to give the path A-B-C-
D-E-F as shown in Fig. 12. The saturation magnetization, the remanence, and the coercive field 
will be magnetic characteristics examined in this Thesis as material transitions from multi-
domain to single-domain, and further to superparamagnetic phase.  
 
Figure 12. Hysteresis loop for multi-domain structure of ferromagnetic materials [13]        
 
SOFT AND HARD FERROMAGNETIC MATERIALS 
Ferromagnetic materials can be further divided in terms of hysteresis characteristics: soft  
M   Magnetization 
 
 
 
   Magnetic Field 
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and hard magnetic materials. They are characterized by the presence of small or large area 
hysteresis loops in the magnetization M vs magnetic field H plane when they are subjected to an 
applied magnetic field as shown in Fig. 13. Soft ferromagnetic materials have a small hysteresis 
loop indicating a small amount of stored energy. Coercivity is also an important feature of an 
hysteresis loop used to classify them as hard or soft ferromagnetic materials. They show low 
anisotropy and low coercivity (Hc  < 100 Oe) [20]. Because of that, they are easy to magnetize 
or demagnetize. Soft ferromagnetic materials are used in many industrial and electrical 
applications such as transformers, generators and motors, where it is important to change the 
magnetization easily or frequently. In contrast to soft ferromagnets, hard ferromagnetic materials 
have a large hysteresis curve indicating a large amount of stored energy, and exhibit high 
anisotropy. Therefore, it needs a strong applied magnetic field (Hc > 1000 Oe) in order 
 
Figure 13. Hysteresis loops in soft (a) and hard (b) ferromagnetic materials [3]                           
to be magnetized or demagnetized [20]. These materials are used in frictionless bearings, 
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microwave generators, and disk media for permanent magnet application where it is important 
for the magnetization to be stable.                 
DETAILS OF THE HYSTERESIS LOOP FOR THE SINGLE-DOMAIN STRUCTURE    
The Stoner-Wohlfarth model describes the magnetic properties of single-domain 
ferromagnetic nanoparticles. This model is based on several assumptions. First, the average time 
between flips of magnetic moments is small enough that the effect of thermal relaxation is 
neglected. Second, the shape of a nanoparticle is sphere with only one easy direction. Finally, the 
spins can be summed up to a single giant moment [7]. We will consider a spherical 
ferromagnetic nanoparticle as a single crystal with uniaxial anisotropy in an applied magnetic 
field (see Fig. 14).  
 
Figure 14. Magnetization M and magnetic field H direction with respect to the easy axis of a 
spherical nanoparticle 
 
The total magnetic energy ET of a single domain is expressed by Eq. 29 [5] 
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                                                ET =  K0sin² θ − Ms0H cos(φ −  θ)                                          (29) 
where K0 is the volume anisotropy constant, θ is the angle between magnetization and the easy 
axis,  Ms0 is the saturation magnetization of the bulk material, and φ is the angle between 
applied magnetic field and the easy axis. The magnetization will lie as co-linear with the applied 
magnetic field as is possible, consistent with a minimization of this energy. To find the direction 
at which the magnetization is to point relative to the applied magnetic field, we will minimize 
this energy (Eq. (29)) with respect to the angle θ. Let us consider first the case in which the 
direction of the applied magnetic field is pointed out along a hard axis (φ = 90˚). The 
magnetization will reach saturation, directed along a hard axis, when the applied magnetic field 
has the value H =  Hc. This is because the energy described by Eq. 28 will be smallest when the 
magnetization and applied magnetic field are parallel, i.e., θ = φ = 90°. Thus, the magnetization 
is changes linearly with an external magnetic field which means that there is no hysteresis loop 
in this case as shown in Fig. 15 by the red line. The field which results in saturation is called the 
coercivity  Hc which can be given by Eq. 30 [5] 
                                                                      Hc = 2K0 Ms0⁄                                                       (30) 
Let us consider next the case in which the direction of the applied magnetic field is 
pointed out along the easy axis (φ = 0). The magnetization of a single domain nanoparticle is 
naturally at saturation magnetization along the easy axis. The nanoparticle will maintain this 
magnetization until it experiences H =  − Hc, at which point the magnetization will switch. 
Thus, a square hysteresis loop will be formed as shown in Fig. 15 by the blue curve. In this case, 
the field resulting in a switch of saturation magnetization is called the coercive field Hc which is 
given by Eq. 30 [5]. 
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Figure 15. Hysteresis loop of single-domain ferromagnetic nanoparticle [14] 
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V. SURFACE EFFECTS 
The finite-size and surface effects of ferromagnetic nanoparticles are two main features 
dominating their magnetic properties. The surface to volume ratio of nanoparticles increases as 
the size of a magnetic material reduces to the nanoscale level. Due to the increase in the surface 
to volume ratio the larger fraction of atoms associated with the surface can control magnetic 
nanoparticle properties [21]. Thus, the surface defects of nanoparticles become more significant 
in contributing to the magnetization than those defects in the core of the nanoparticles. There are 
different types of surface defects such as surface kinks, changes in the atomic coordination, 
dangling bonds, and surface reconstruction. These surface defects cause a modification of the 
magnetic properties at the surface including saturation magnetization Ms and anisotropy K.  
SURFACE EFFECTS ON SATURATION MAGNETIZATION 
The saturation magnetization is the highest value of magnetization that can be achieved 
in materials when they are placed in a large applied magnetic field at a given temperature. As 
mentioned before, the magnetization of a single domain ferromagnetic nanoparticle is naturally 
at saturation magnetization along the easy axis even in the absence of an applied magnetic field. 
Due to the fact that the surface atoms experience different environment than those in the core of 
the particle, surface effects can result in a decrease in the magnetization of nanoparticles [22]. 
The reason behind the reduction of saturation magnetization in some oxide nanoparticles is due 
to several magnetic effects such as the presence of uncompensated magnetic moments on the 
surface, the presence of a magnetically dead layer on the surface, the presence of canted spins, or 
the presence of a spin-glass like behavior of the surface spins. Berkowitz et al., [23] found that at 
room temperature, saturation magnetization decreases as the size of the nanoparticle reduces due 
to the existence of uncompensated magnetic moments. Also, they found that at low temperature, 
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the saturation magnetization of Co and Ni clusters are greater than their bulk values. Lu et al., 
[24] have shown a reduced saturation magnetization as a function of particle size for Fe, Co, and 
Ni ferromagnetic nanoparticles (see Fig.16). The saturation magnetization can depend on a 
combination of the size of the nanoparticle and surface effects. Tang et al., [25] concluded that 
an outer shell layer has a constant dimension and lower saturation magnetization than the 
magnetization in the core of the nanoparticle. They derived an empirical relation for the 
saturation magnetization of the surface contributed by the surface uncompensated magnetic 
moments, which depend on the size of the particle and on the degree of surface disorder and 
which is given by Eq. (31) 
                                                                             Ms(R) =  Ms0(1 −  α R⁄ )                                                      (31)            
where Ms0 is the saturation magnetization of the bulk material, α is a fitting parameter which is 
related to surface disorder, and R is the radius of a spherical nanoparticle. 
 
Figure 16. Reduced saturation magnetization Ms(D)/Ms as function of diameter D for Fe, Co, 
and Ni nanoparticles[15] 
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SURFACE EFFECT ON ANISOTROPY 
As mentioned before, because of the finite size effect of a nanoparticle, the surface 
effects could increase or decrease the surface magnetization of a ferromagnetic nanoparticle. 
However, the presence of non-uniform strains, canted spins or a spin-glass phase, and the 
presence of a magnetically dead layer in the surface layers can lead to an increase in the effective 
magnetic anisotropy. Experimental studies have found that surface effects result in enhancement 
of the magnetic anisotropy [27]. Thermal measurements also found that the structure of 
nanoparticles and the degree of their surface anisotropy control their magnetic properties [26]. 
Synchrotron radiation studies revealed that both spin and orbital moments at the surface are 
different from those of the core particle [27]. Therefore, the surface anisotropy energy has a 
more dominant influence on magnetic properties than the magnetocrystalline anisotropy energy 
and the magnetostatic energy. The effective magnetic anisotropy Keff = K can be written in terms 
of the surface anisotropy constant Ks and the volume anisotropy constant K0 by Eq. (32) [3] 
                                                       K = Keff =  K0 + 3 Ks R⁄                                                     (32)   
where R is the radius of the spherical nanoparticle.        
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VI. THE CRITICAL RADII OF FERROMAGNETIC NANOPARTICLES 
Decreasing the size of the magnetic materials to the nanoscale level modifies their 
magnetic properties. A critical radius of a nanoparticle is defined as the radius that separates two 
different configurations. Ferromagnetic nanoparticles have two types of critical radii: RC10 
describes the critical radius which differentiates between a single-domain configuration and a 
superparamagnetic phase and RC20 is the critical radius which differentiates between the single-
domain and multi-domain structures. 
THE CRITICAL RADIUS OF THE SUPERPARAMAGNETIC TO SINGLE-DOMAIN 
TRANSITION 
  A synthesized magnetic nanoparticle is considered energetically to have a single-domain 
structure when a nanoparticle’s radius greater than the radius associated with the volume of the 
barrier energy ∆E =  K0 V exceeds a single-domain structure’s energy. Below this critical radius 
RC10, magnetic nanoparticle exhibits superparamagnetic behavior above the blocking 
temperature. The critical radius RC10 between a single-domain configuration and a 
superparamagnetic phase can be determined by 1) assuming a spherical nanoparticle, 2) using 
Eq. (12) for the relaxation time τ and 3) replacing V by (4πRc10
3 3⁄ ). After simple manipulation, 
the critical radius can be given as follows (Eq. (33)) [12] 
                                 Rc10 = [{3 ln(τm kBT τoKo)⁄ } 4π⁄ ]
1/3                                                     (33) 
where τm is the thermal relaxation time, τ0 is the attempt time, kB is Boltzmann’s constant, T is 
the absolute temperature, and K0 is the volume anisotropy constant.  
33 
 
THE CRITICAL RADIUS OF THE SINGLE-DOMAIN TO MULTI-DOMAIN 
TRANSITION 
  A synthesized magnetic nanoparticle is considered to have a multi-domain structure when 
a particle’s radius is greater than a certain critical radius RC20.  This critical radius is associated 
with the volume at which the total energies of the single-domain and multi-domain structure are 
equal. The critical radius RC20 between a single-domain configuration and a multi-domain 
structure can be determined by 1) assuming a spherical nanoparticle and a uniaxial anisotropy,  
2) using the fact that, at this critical size, the energy of the multi-domain configuration is equal to 
the magnetic energy of a single-domain configuration at which point the multi-domain structure 
makes a transition to the single-domain configuration [12], and 3) combining Eq. (24) and (25) 
for the total energy of a magnetic nanoparticle with uniaxial configuration. After simple 
manipulation, the critical radius of nanoparticles can be given as follows (Eq. (34)) [12] 
                                                              Rc20 = (9/4π)( σw/Ms²)                                            (34) 
Eq. (33) and (34) determine the range of the nanoparticle sizes that have single-domain 
ferromagnetic properties. 
THE COERCIVITY AT THE CRITICAL RADII 
The particle size is related to the coercive field Hc for fixed temperature which is 
illustrated in Fig. 17. Particles with radius R > Rc20 are in a multi-domain structure in which the 
magnetic moments of each domain are randomly oriented. The coercivity Hc increases with 
decreasing particle’s radius R , until it reaches a maximum value at the critical radius Rc20, 
which is also the maximum size for single-domain structures, as shown in Fig. 17. The energy 
reduction provided by domains is overcome by the energy cost of maintaining the domain walls 
and it becomes energetically favorable to form a single-domain [8]. The highest value of the 
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coercive field is associated with the transition from the multi-domain to the single-domain 
structure which has uniform magnetization in which all magnetic moments are nearly aligned in 
the same direction. Thus, the single-domain will reverse its magnetization only by a resultant 
magnetic moment’s rotation. As the particle size decreases further, the coercivity gradually 
decreases from its maximum value to zero due to thermal agitation. Until the particle has the 
critical radius Rc10, the magnetization in a single-domain structure is stable. Particles with radius 
R < Rc10 are in a superparamagnetic phase. The magnetization in the superparamagnetic 
nanoparticles is unstable due to the thermal agitation effects and so the coercive field vanishes, 
as depicted in Fig. 17. Thus, the vanishing value of the coercivity is related to the transition from 
the single-domain to superparamagnetic phase. 
 
Figure 17. Transition from multi- to single-domain and further to superparamagnetic region [16] 
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VII. THE INFLUENCE OF A SURFACE ON HYSTERSIS LOOPS FOR 
SINGLE-DOMAIN FERROMAGNETIC NANOPARTICLES 
 
The coercivity and the remanence are the two main features of a hysteresis loop for a 
single-domain ferromagnetic nanoparticle. To find how a surface layer effects the coercivity of 
hysteresis loops for single-domain ferromagnetic nanoparticles, we start from Eq. (13) taking 
into account the surface effects that modify saturation magnetization (Eq. (31)) and the effective 
anisotropy constant (Eq. (32)) and replacing V =  4πR3/3 and  Vp = 4πRc10
3 /3  in Eq. (13). 
After simple manipulation, the coercivity with surface effects can be written as follows (Eq. 
(35))  
              Hc,s = 2K0(1 + 3Ks K0R⁄ ) [1 − ( Rc10 R⁄ )
3/2] Ms0(1 − α R⁄ )⁄                                 (35)  
where K0 is the volume anistropy constant, Ks is the surface anistropy constant, Ms0 is the 
saturation magnetization of bulk material, α is a fitting parameter related to magnetization 
surface effects, R is the radius of a spherical single-domain ferromagnetic nanoparticle, and Rc10 
is the critical radius for transition to the superparamagnetic phase.     
 In addition, the remanence of hysteresis loops for single-domain ferromagnetic 
nanoparticles which includes surface effects can be to be calculated from Eq. (11) and Eq. (12). 
Taking into account the surface effects that modify saturation magnetization (Eq. (31)) and the 
effective anisotropy constant (Eq. (32)) and replacing ∆E = KV in Eq. (12), a simple 
manipulation gives the remanence including surface effects as follows (Eq. (36))                                
         Mr,s = Ms0(1 −  α R⁄ ) exp[−t f0 exp {4πR
3K0 (1 + 3Ks K0R⁄ ) 3kBT}⁄ ] 
                             (36)   
where t is the time after the magnetic field is removed, f0 is the average frequency of spin flips, 
kB is Boltzmann’s constant, and T is the absolute temperature. The other variables are the same 
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as used in Eq. (35). The remanence at t = 0 is the same as the saturation magnetization with 
modification due to parameter α. 
Eqs. (35) and (36) show the influence of surface effects (as parameterized by Ks and α) on the 
magnetic properties of the hysteresis loop for single-domain ferromagnetic nanoparticles. These 
equations were coded into a Matlab based program. Additional coding for self consistent solution 
of these equations was using magnetic constants provided by experimental measurements for 
three chosen materials. Tab.I lists these materials MnBi, CoPt, and FePt and their associated 
material values. Note that the radius R in Tab.I indicates nanoparticle size which were examined 
ranging from the superparamagnetic transition radius to the radius of the multi-domain to single-
domain transition. The Matlab code can be found in Appendix. 
Table I. The constant values for MnBi, CoPt, and FePt magnetic nanoparticles [12]. 
Magnetic 
nanoparticles 
𝐊𝟎 
(𝟏𝟎𝟔 J/𝐦𝟑) 
𝐌𝐬𝟎 
(𝟏𝟎𝟒 A/m) 
𝐑𝐜𝟏𝟎 
(𝟏𝟎−𝟗 m) 
𝐑𝐜𝟐𝟎 
(𝟏𝟎−𝟗 m) 
Rc10<R<Rc20 
(𝟏𝟎−𝟗 m) 
MnBi 1.00 4.78 2.93 556 2.93 – 556 
CoPt 4.90 80 1.72 78.3 1.72 – 78.3 
FePt 6.60 114 1.56 44.8 1.56 – 44.8 
 
Values of α were chosen so that the magnetization at any time was positive and less than or 
equal to the saturation magnetization Ms0. This required that 0 ≤ α R⁄ ≪ 1 (see Eqs. (35) and 
(36)). 
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VIII. RESULTS AND DISCUSSION 
SURFACE EFFECTS ON THE COERCIVITY OF SINGLE-DOMAIN 
FERROMAGNETIC NANOPARTICLES 
 
The influence of the surface parameter α, the surface anisotropy constant Ks, and the 
particle radius R on the coercivity of single-domain ferromagnetic nanoparticles is described by 
Eq. (35). We have shown in Fig. 18 for MnBi ferromagnetic nanoparticles how the surface 
parameter α has an impact on the coercivity for a fixed surface anisotropy constant Ks = 10
−3 
J/m
2
 and for values of particle radius R = 10, 50, and 500 nm. 
 
 
Figure 18. The coercivity as a function of the surface parameter α for MnBi magnetic 
nanoparticles for nanoparticle radius R = 10, 50, and 500 nm and Ks = 10
−3J/m
2
. 
 
Fig.18 shows that the coercivity Hc increases linearly with increasing values of the surface 
parameter α.  An increasing α is associated with a decrease in saturation magnetization near the 
surface of the nanoparticles (see Eq. (31)). In addition, when increasing the radius of the 
nanoparticle R at constant α the coercivity decreases (see Eq. (31)). This effect is due to a 
decreasing saturation magnetization. A decreasing surface saturation magnetization is due to a 
α (10-1 nm) 
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decreased exchange interaction between the magnetic moments at the surface of the 
nanoparticles. Similar results between coercivity Hc,s vs α were found for CoPt, FePt 
nanoparticles as shown in Figs. 33 and 34. 
We have shown in Fig. 19 for MnBi ferromagnetic nanoparticles how the surface 
anisotropy constant Ks has an impact on the coercivity for the surface parameter α = 1 nm and 
for values of particle radius R = 10, 50, and 500 nm.  
 
Figure 19. The coercivity as a function of the surface anisotropy constant Ks for MnBi magnetic 
nanoparticles for nanoparticle radius R = 10, 40, and 500 nm and α = 1 nm. 
 
Fig. 19 shows that the coercivity Hc increases linearly with an increasing value of the surface 
anisotropy Ks. An increasing Ks is associated with an increase in the presence of non-uniform 
strains, canted spins or a spin-glass phase, or the presence of a magnetically dead layer in the 
surface. In addition, when the value of nanoparticle radius R increases at constant Ks, the 
coercivity of the MnBi nanoparticles decreases. This effect is due to the particle size dependence 
of the effective anisotropy constant (see Eq. (32)).  
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         The radius dependence of the coercivity of a single-domain nanoparticle is given by Eq. 
(35). The dependence of the coercivity on the particle radius comes through the effective 
anisotropy constant (see Eq. (32)), the surface saturation magnetization (see Eq. (31)), and the 
superparamagnetic phase to single-domain transition (see (Eq. (13)). We have shown in Fig. 20 
for MnBi ferromagnetic nanoparticles that the coercivity depends explicitly on the particle radius 
R, surface anisotropy constant Ks = 10
−3J/m
2
, and values of α = 0, 0.1, 0.5, and 1 nm. 
 
Figure 20. The coercivity as a function of particle radius R for MnBi magnetic nanoparticles 
using α = 0, 0.1, 0.5, and 1 nm, and Ks = 10
−3J/m
2
. 
 
From Fig. 20, the coercivity Hc increases with increasing values of the particle radius R > Rc10 
which is restricted to particle radii in the regime of a single-domain structure. The highest value 
of the coercivity for each curve occurs at the transition from the single-domain to the multi-
domain structure. In addition, the coercivity increases when the surface parameter α increases at 
constant R. This effect is due to a decreasing saturation magnetization close to the surface of the 
nanoparticles (see Eq. (31)). Fig.21 shows that the coercivity Hc increases with increasing values 
of the particle’s radius R > Rc10 which is restricted to particle radii in the regime of single-
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domain structure. The highest value of the coercivity for each curve occurs at the transition from 
the single-domain to the multi-domain structure. In addition, when the surface anisotropy 
constant Ks increases at constant R, the coercivity increases uniformly, unlike surface 
parameter α. As we previously discussed, this effect is due to the particle size dependence of the 
effective anisotropy constant (see Eq. (32)). 
 
Figure 21. The coercivity as function of particle radius R for MnBi magnetic nanoparticles using 
Ks = 0, 10
−3, 2x10−3, and 3x10−3 J/m² and α = 1 nm. 
 
 
SURFACE EFFECTS ON THE REMANENCE OF SINGLE-DOMAIN 
FERROMAGNETIC NANOPARTICLES 
 
The influence of the surface parameter α, the surface anisotropy constant Ks, and the 
particle radius R on the remanence of single-domain ferromagnetic nanoparticles is described by 
Eq. (36). All calculations related to Mr,s were performed at T = 298 K, t = 100 sec, and f0 = 109 
sec
-1
. We have shown in Fig. 22 for MnBi ferromagnetic nanoparticles how the surface 
parameter α has an impact on the remanence for the surface anisotropy constant Ks = 10
−3J/m
2
 
H
c,
s (
J/
A
·m
2
) 
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and for values of particle radius R = 10, 50, and 500 nm. Fig. 22 shows that the remanence Mr 
decreases linearly with increasing values of the surface’s parameter α.  An increasing α is 
associated with a decrease in saturation magnetization near the surface of the nanoparticles (see 
Eq. (31)). In addition, with increasing the radius of the nanoparticle R at constant α the 
remanence increases (see Eq. (31)). This effect is due to a decreasing saturation magnetization. A 
decreasing surface saturation magnetization is due to a decreased exchange interaction between 
the magnetic moments at the surface of the nanoparticles. 
 
Figure 22. The remanence as a function of the surface parameter α for MnBi magnetic 
nanoparticles for nanoparticle radius R = 10, 50, and 500 nm and Ks = 10
−3 J/m
2
.  
 
We have shown in Fig. 23 for MnBi ferromagnetic nanoparticles that the surface 
anisotropy constant Ks has an impact on the remanence for the surface parameter α = 1 nm and 
for values of particle radius R = 10, 40, and 500 nm. Fig. 23 shows that the remanence Mr 
remains constant independently of the value of the surface anisotropy constant Ks. An increasing 
Ks is associated with an increase in the presence of non-uniform strains, canted spins or a spin-
glass phase, or the presence of a magnetically dead layer in the surface. Clearly these surface 
α (10-1 nm) 
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properties have no effect on the remanence. In addition, with increasing the value of nanoparticle 
radius R at constant Ks, the remanence of the MnBi nanoparticles increases uniformly. This 
effect is due to the particle size dependence of the effective anisotropy constant (see Eq. (32)). 
 
 
Figure 23. The remanence as a function of the surface anisotropy constant Ks for MnBi 
magnetic nanoparticles for nanoparticle radius R = 10, 40, and 500 nm and α = 1 nm. 
 
         The radius’ dependence of the remanence of a single-domain nanoparticle is given by Eq. 
(36). The dependence of the remanence on the particle radius comes through the effective 
anisotropy constant (see Eq. (32)), the surface saturation magnetization (see Eq. (31)), and the 
volume dependence in the relaxation time (see Eq. (12)). We have shown in Fig. 24 for MnBi 
ferromagnetic nanoparticles how the remanence depends explicitly on the particle radius R for 
surface anisotropy constant Ks = 10
−3 and for values of α = 0, 0.1, 0.5, and 1 nm. From Fig. 24, 
the remanence Mr increases with increasing values of the particle radius R > 2 nm which is 
restricted to particle radii in the regime of a single-domain structure. The highest value of the 
remanence for each curve occurs at the transition from the single-domain to the multi-domain 
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structure. In addition, with increasing the surface parameter α at constant R the remanence 
decreases. This effect is due to a decreasing saturation magnetization close to the surface of the 
nanoparticles (see Eq. (31)). 
 
Figure 24. The remanence as a function of particle radius R for MnBi magnetic nanoparticles 
using α = 0, 0.1, 0.5, and 1 nm, and Ks = 10
−3 J/m
2
. 
 
  
Figure 25. The remanence as function of particle radius R for MnBi magnetic nanoparticles 
using Ks = 0, 10
−3, 2x10−3, and 3x10−3 J/m² and α = 1 nm. 
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From Fig. 25, the remanence Mr increases with increasing values of the particle’s radius 
R > 1 nm which is restricted to particle radii in the regime of single-domain structure. The 
highest value of the remanence for each curve occurs at the transition from the single-domain to 
the multi-domain structure. In addition, when the surface anisotropy constant Ks increases at 
constant R, the remanence does not change, unlike the surface’s parameter α. As we previously 
discussed, this effect is due to the particle size independence of the effective anisotropy constant 
(see Eq. (32)). 
SURFACE EFFECTS ON HYSTERSIS LOOPS FOR SINGLE-DOMAIN 
FERROMAGNETIC NANOPARTICLES 
 
From previous results, we have concluded that the coercivity increases with increasing 
the value of α and the remanence decreases with increasing α. We have used Eq. (35) and Eq. 
(36) to calculate how the surface affects the hysteresis loop for single-domain MnBi, CoPt, or 
FePt ferromagnetic nanoparticles. The magnetization M vs magnetic field H is formed as shown 
in Fig. 24, when magnetic field is applied along the easy axis of a uniaxial nanoparticle,. The 
hysteresis loop for uniaxial nanoparticles is rectangular in shape when the magnetic field is 
applied along an easy axis.  
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Figure 26. The effect of the surface parameter α on the hysteresis loop of a single-domain MnBi 
magnetic nanoparticle for α = 0, 1, 2, 3, 4, and 5 nm and for values of Ks = 10
−3 J/m
2
 and R = 10 
nm. The applied magnetic field H is along the easy axis. 
 
From Fig. 26, we can observe that the Hc value increases for a higher value of α and the Mr 
value decreases with α. The area enclosed by each hysteresis loop in Fig. 26 is 8.75x106 J/m3. 
This means that the changes in the surface parameter α do not affect the energy density, which is 
proportional to the area of the hysteresis loop. This result confirms analytical dependence of Hc 
and Mr on α (see, Eqs.(35) and (36)). Similar results between the variable were found for CoPt, 
FePt nanoparticles as shown in Figs. 49 and 50. 
However, when a magnetic field is applied along a hard axis of magnetization, which 
means that the magnetic field is perpendicular to the direction of magnetization, linear 
dependences of M vs H are observed as shown in Fig. 27. There is no hysteresis for uniaxial 
nanoparticles when the magnetic field is applied along hard axis.  
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Figure 27. The effect of the surface parameter α on the magnetization M vs magnetic field H of 
a single-domain MnBi magnetic nanoparticle for α = 0, 1, 2, 3, 4, and 5 nm and for values of Ks 
= 10−3 J/m2 and R = 10 nm. The applied magnetic field H is perpendicular to the easy axis. 
 
From Fig. 27, in the same manner, we observe that the Hc value increases with α and the Mr 
value decreases with increasing value of α. This combination of changes results in a decrease in 
the slope of the M vs H, which is equivalent to a decrease in the magnetic susceptibility χ as α 
increases. The slope, which is equivalent to the magnetic susceptibility χ, depends on the surface 
parameter α. This dependence is shown in Fig. 28. 
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Figure 28. The magnetic susceptibility χ as function of the surface parameter α for MnBi 
magnetic nanoparticles. 
 
In addition, we have applied Eqs. (35) and (36) to find the effect of surface anisotropy Ks 
on the hysteresis loops for the same types of nanoparticles. This was done for both cases of 
magnetic field parallel and perpendicular to the easy axis of magnetization.  The results for the 
easy axis are shown in Fig. 29, and for the hard axis in Fig. 30. In both cases α = 1 nm and R = 
10 nm were chosen. From Fig. 29, we can see that the Hc value increases for a higher value of Ks 
and the Mr value does not change with increasing value of α. The energy density’s dependence 
on the surface anisotropy constant Ks is the same as that of the coercivity Hc dependence on Ks 
(see Fig. 19). 
 
 
χ
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A
2
m
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) 
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48 
 
 
Figure 29. The effect of the surface anisotropy constant Ks on the hysteresis loop of a single-
domain MnBi magnetic nanoparticle for Ks = 0, 𝟏𝟎
−𝟑, 2x𝟏𝟎−𝟑, 3x𝟏𝟎−𝟑, 4x𝟏𝟎−𝟑, and 5x𝟏𝟎−𝟑 
J/m² and for values of α = 1 nm and R = 10 nm. The applied magnetic field H is along the easy 
axis. 
 
 
Figure 30. The effect of the surface anisotropy constant Ks on the magnetization M vs magnetic 
field H of a single-domain MnBi magnetic nanoparticle for Ks = 0, 𝟏𝟎
−𝟑, 2x𝟏𝟎−𝟑, 3x𝟏𝟎−𝟑, 
4x𝟏𝟎−𝟑, and 5x𝟏𝟎−𝟑 J/m² and for values of α = 1 nm and R = 10 nm. The applied magnetic field 
H is perpendicular to the easy axis. 
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From Fig. 30, in the same manner, we observe that the Hc value increases for a higher value of  
Ks  and the Mr value does not change with respect to Ks. This combination of changes results in 
a decrease in the slope of the magnetization M vs magnetic field H, which is equivalent to a 
decrease in the magnetic susceptibility χ as Ks increases. The slope, which is equivalent to the 
magnetic susceptibility χ depends on the surface anisotropy Ks.  This dependence is shown in 
Fig. 31. The combination of changes results in a decrease in the slope of the magnetization M vs 
magnetic field H, which is equivalent to a decrease in the magnetic susceptibility as Ks increases. 
The slope (which is the magnetic susceptibility) depends on the surface anisotropy constant Ks 
(see Fig. 31). 
 
Figure 31. The magnetic susceptibility χ as function of the surface anisotropy constant Ks for 
MnBi magnetic nanoparticles. 
 
As we mentioned before, we have concluded that the coercivity and the remanence increase with 
increasing the radius in the single-domain regime, when the value of α and Ks are constant. We 
have used Eqs. (35) and (36) to calculate how the radius affects the hysteresis loops for single-
χ 
(A
2
m
/J
) 
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domain magnetic nanoparticles of MnBi, CoPt, and FePt. The result for MnBi is shown in Fig. 
32. 
 
Figure 32. The radius effects on the hysteresis loops of single-domain MnBi magnetic 
nanoparticles for R = 3, 3.1, 3.2, 3.3, and 3.4 nm using a value of α = 1 nm and a value of  Ks =
10−3 J/m2. 
 
From Fig. 32, we find that the energy density’s dependence on the radius through the coercivity 
Hc completely dominates the dependence on radius through the remanence Mr of magnetic 
nanoparticles.  
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IX. CONCLUSION AND FUTURE GOALS 
The finite-size and surface effects of ferromagnetic nanoparticles are two main features 
dominating their magnetic properties. Because of that, magnetic nanoparticles offer significant 
advantages in many areas of research. However, surface defects such as surface kinks, changes in 
the atomic coordination, dangling bonds, and surface reconstruction cause a modification of the 
magnetic properties at the surface including saturation magnetization Ms and anisotropy K. We 
have described the surface effects due to modification of the saturation magnetization Ms by a 
parameter α (Eq. (31)), and the anisotropy constant K by a parameter Ks (Eq. (32)). The 
influence of a surface on hysteresis loops for single-domain ferromagnetic nanoparticles is the 
major goal of this Thesis. By mathematically modifying the magnetic properties, we have 
derived two equations (Eqs. (35) and (36)) to study surface effects on hysteresis loops for a 
single-domain ferromagnetic nanoparticle; and used a MATLAB to solve them. Firstly, the 
coercivity which includes surface effects for a single-domain ferromagnetic nanoparticle was 
determined as a solution of Eq. (35) for surface parameter α and surface anisotropy constant Ks. 
Secondly, the remanence for a single-domain ferromagnetic nanoparticle modified by surface 
effect was determined as a solution of Eq. (36).  
Numerical results were plotted for the coercivity as a function of surface effects 
described by the parameter α (Ms), and the parameter Ks (K), and the particle radius R. For the 
case of MnBi magnetic nanoparticles results using chosen values for the surface parameter α, the 
surface anisotropy constant Ks, and the particle radius R are depicted in Figs. 18 - 21, 
respectively. Another two cases of FePt and CoPt magnetic nanoparticles with a surface 
parameter α, surface anisotropy constant Ks, and particle radius R, were studied and presented in 
Figs. 33 – 62, respectively and found that they have the same behavior as in MnBi. In general, it 
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is clearly shown in Figs. 26 - 30 that the coercivity for a single-domain ferromagnetic 
nanoparticle increases due to surface modification of the saturation magnetization described by 
the surface parameter α and increases as result of surface modification of the surface anisotropy 
constant Ks.  Numerical results are plotted for the remanence as a function of surface effects 
described by the parameters α (Ms), Ks (K), and the particle radius R. For the case of MnBi 
magnetic nanoparticles results obtained for chosen values of the surface’s parameter α, the 
surface anisotropy constant Ks, and the particle radius R, are depicted in Figs. 22 - 25, 
respectively. Another two cases of FePt and CoPt magnetic nanoparticles with a surface’s 
parameter α, surface anisotropy constant Ks, and particle radius R, were studied and presented in 
Figs. 41 – 48 and found that they the  same behavior as in MnBi. In general, it is clearly shown 
in Figs. 26 - 30 that the remanence for single-domain ferromagnetic nanoparticle decreases due 
to surface modification of saturation magnetization described by surface parameter α and 
remains constant as result of surface modification of surface anisotropy constant Ks. 
When the applied magnetic field is parallel to the easy axis, the theoretical results show 
that the area enclosed by each hysteresis loop in Fig. 26 have almost the same value of energy 
density (8.75x10
6
 J/m
3
) for different values of α whereas, the area enclosed by each hysteresis 
loop in Fig. 29 do not have the same value of energy density for different values of Ks. This 
means that the changes in the surface parameter α do not affect the energy density whereas the 
changes in the surface anisotropy constant Ks do affect the energy density. This means that the 
energy density dependence on the surface anisotropy constant Ks is the same as that of the 
coercivity Hc  dependence on Ks as is shown in Fig. 19. In addition, when the applied magnetic 
field is perpendicular to the easy axis, the results lead to a decrease in the slope of the 
magnetization M vs magnetic field H as shown in Fig. 27, which is equivalent to a decrease in 
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the magnetic susceptibility as α increases. Therefore, the magnetic susceptibility depends on the 
surface parameter α as shown in Fig. 28. Also, a decrease in the slope of the magnetization M vs 
magnetic field H in Fig. 30 is equivalent to a decrease in the magnetic susceptibility as Ks 
increases. Therefore, the magnetic susceptibility depends on the surface anisotropy constant Ks 
as shown in Fig. 31.  
The surface effect on the hysteresis loop for single domain of magnetic nanoparticles at 
different angles and temperatures could be calculated and studied theoretically in the future 
work. Appendix A contains results for CoPt and FePt ferromagnetic nanoparticles (Figs.33 – 62). 
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XI. APPENDIX A 
 
Figure 33. The coercivity as a function of the surface parameter α for CoPt magnetic 
nanoparticles for nanoparticle radius R = 5, 20, and 75 nm and Ks = 10
−2 J/m
2
. 
 
 
Figure 34. The coercivity as a function of the surface parameter α for FePt magnetic 
nanoparticles for nanoparticle radius R = 5, 15, and 40 nm and Ks = 10
−2J/m
2
. 
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Figure 35. The coercivity as a function of the surface anisotropy constant Ks for CoPt magnetic 
nanoparticles for nanoparticle radius R = 10, 40, and 500 nm and α = 1 nm. 
 
 
 
Figure 36. The coercivity as a function of the surface anisotropy constant Ks for FePt magnetic 
nanoparticles for nanoparticle radius R = 5, 15, and 40 nm and α = 1 nm. 
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Figure 37. The coercivity as a function of particle radius R for CoPt magnetic nanoparticles 
using α = 0, 0.1, 0.5, and 1 nm and Ks = 10
−2 J/m
2
. 
 
 
 
Figure 38. The coercivity as a function of particle radius R for FePt magnetic nanoparticles 
using α = 0, 0.1, 0.5, and 1 nm and Ks = 10
−2 J/m
2
. 
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Figure 39. The coercivity as function of particle radius R for CoPt magnetic nanoparticles using 
Ks = 0, 10
−2, 2x10−2, and 3x10−2 J/m² and α = 1 nm. 
 
 
 
Figure 40. The coercivity as function of particle radius R for FePt magnetic nanoparticles using 
Ks = 0, 10
−2, 2x10−2, and 3x10−2 J/m² and α = 1 nm. 
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Figure 41. The remanence as a function of the surface parameter α for CoPt magnetic 
nanoparticles for nanoparticle radius R = 5, 20, and 75 nm and Ks = 10
−2 J/m
2
. 
 
 
 
Figure 42. The remanence as a function of the surface parameter α for FePt magnetic 
nanoparticles for nanoparticle radius R = 5, 15, and 40 nm and Ks = 10
−2 J/m
2
. 
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Figure 43. The remanence as a function of the surface anisotropy constant Ks for CoPt magnetic 
nanoparticles for nanoparticle radius R = 5, 10, and 75 nm and α = 1 nm. 
 
 
 
Figure 44. The remanence as a function of the surface anisotropy constant Ks for FePt magnetic 
nanoparticles for nanoparticle radius R = 5, 10, and 40 nm and α = 1 nm. 
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Figure 45. The remanence as a function of particle radius R for CoPt magnetic nanoparticles 
using α = 0, 0.1, 0.5, and 0.7 nm, and Ks = 10
−2 J/m
2
. 
 
 
 
Figure 46. The remanence as a function of particle radius R for FePt magnetic nanoparticles 
using α = 0, 0.1, 0.5, and 0.7 nm and Ks = 10
−2 J/m
2
. 
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Figure 47. The remanence as function of particle radius R for CoPt magnetic nanoparticles using 
Ks = 0, 10
−2, 2x10−2, and 3x10−2 J/m² and α = 0.3 nm. 
 
 
 
Figure 48. The remanence as function of particle radius R for FePt magnetic nanoparticles using 
Ks = 0, 10
−2, 2x10−2, and 3x10−2 J/m² and α = 0.3 nm. 
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Figure 49. The effect of the surface parameter α on the hysteresis loop of a single-domain CoPt 
magnetic nanoparticle for α = 0, 1, 2, 3, 4, and 5 nm and for values of Ks = 10
−2 J/m
2
 and R = 
10 nm. The applied magnetic field H is along the easy axis. 
 
 
 
Figure 50. The effect of the surface parameter α on the hysteresis loop of a single-domain FePt 
magnetic nanoparticle for α = 0, 1, 2, 3, 4, and 5 nm and for values of Ks = 10
−2 J/m
2
 and R = 
10 nm. The applied magnetic field H is along the easy axis. 
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Figure 51. The effect of the surface parameter α on the magnetization M vs magnetic field H of 
a single-domain CoPt magnetic nanoparticle for α = 0, 1, 2, 3, 4, and 5 nm and for values of Ks = 
10−2 J/m2 and R = 10 nm. The applied magnetic field H is perpendicular to the easy axis. 
 
 
 
Figure 52. The magnetic susceptibility χ as function of the surface parameter α for CoPt 
magnetic nanoparticles. 
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Figure 53. The effect of the surface parameter α on the magnetization M vs magnetic field H of 
a single-domain FePt magnetic nanoparticle for α = 0, 1, 2, 3, 4, and 5 nm and for values of Ks = 
10−2 J/m2 and R = 10 nm. The applied magnetic field H is perpendicular to the easy axis. 
 
 
 
Figure 54. The magnetic susceptibility χ as function of the surface parameter α for FePt 
magnetic nanoparticles. 
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Figure 55. The effect of the surface anisotropy constant Ks on the hysteresis loop of a single-
domain CoPt magnetic nanoparticle for Ks = 0, 𝟏𝟎
−𝟐, 2x𝟏𝟎−𝟐, 3x𝟏𝟎−𝟐, 4x𝟏𝟎−𝟐, and 5x𝟏𝟎−𝟐 
J/m² and for values of α = 1 nm and R = 10 nm. The applied magnetic field H is along the easy 
axis. 
 
 
Figure 56. The effect of the surface anisotropy constant Ks on the hysteresis loop of a single-
domain FePt magnetic nanoparticle for Ks = 0, 1x𝟏𝟎
−𝟐, 2x𝟏𝟎−𝟐, 3x𝟏𝟎−𝟐, 4x𝟏𝟎−𝟐, and 5x𝟏𝟎−𝟐 
J/m² and for values of α = 1 nm and R = 10 nm. The applied magnetic field H is along the easy 
axis. 
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Figure 57. The effect of the surface anisotropy constant Ks on the magnetization M vs magnetic 
field H of a single-domain CoPt magnetic nanoparticle for Ks = 0, 𝟏𝟎
−𝟐, 2x𝟏𝟎−𝟐, 3x𝟏𝟎−𝟐, 
4x𝟏𝟎−𝟐, and 5x𝟏𝟎−𝟐 J/m² and for values of α = 1 nm and R = 10 nm. The applied magnetic field 
H is perpendicular to the easy axis. 
 
 
 
 
Figure 58. The magnetic susceptibility χ as function of the surface anisotropy constant Ks for 
CoPt magnetic nanoparticles. 
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Figure 59. The effect of the surface anisotropy constant  Ks on the magnetization M vs magnetic 
field H of a single-domain FePt magnetic nanoparticle for Ks = 0, 𝟏𝟎
−𝟐, 2x𝟏𝟎−𝟐, 3x𝟏𝟎−𝟐, 
4x𝟏𝟎−𝟐, and 5x𝟏𝟎−𝟐 J/m² and for values of α = 1 nm and R = 10 nm. The applied magnetic field 
H is perpendicular to the easy axis. 
 
 
 
Figure 60. The magnetic susceptibility χ as function of the surface anisotropy constant Ks for 
FePt magnetic nanoparticles. 
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Figure 61. The radius effects on the hysteresis loops of single-domain CoPt magnetic 
nanoparticles for R= 3, 3.1, 3.2, 3.3, and 3.4 nm using a value of α = 1 nm and a value of  Ks =
10−2 J/m2. 
 
 
Figure 62. The radius effects on the hysteresis loops of single-domain FePt magnetic 
nanoparticles for R= 3, 3.1, 3.2, 3.3, and 3.4 nm using a value of α = 1 nm and a value of  Ks =
10−2 J/m2. 
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XII. APPENDIX B 
%This code is calculating the coercivity and remanence with surface effects 
 
%Input of constants 
 
K0 = 1*10^6;   %variable for different materials 
Ks = 0*10^-3;   %variable for different materials 
Ms0 = 4.78*10^4;  %variable for different materials 
kB = 1.380*10^-23;   %variable for different materials 
T = 298; 
R = 10*10^-9;   %variable for different sizes 
a = 0*10^-9;   %variable for different materials 
f0 = 10^9; 
t = 100; 
Rc01 = 2.93*10^-9;   %variable for different materials 
figure(1) 
hold on 
 
%Calculations of remanence and coercivity ( first quadrant ) 
 
while a<5.5*10^-9 
S = 1+((3*Ks)/(K0*R)); 
W = -K0 * S * (4/3) * pi * R^3; 
C = 1 - (a/R); 
Z = kB * T; 
Y = W/Z; 
J = exp(Y); 
K = - t * f0 * J; 
M = exp(K); 
Mrs = Ms0 * C * M; % For calculating the remanence 
A = (2*K0)/(Ms0); 
B = 1 + ((3*Ks)/(K0*R)); 
C = 3 * kB * T; 
D = 4*pi*K0; 
N = 1-(a/R); 
Hcs = ((A*B)/(N))*(1-((Rc01/R)^1.5)); % For calculating the coercivity 
a = a + 1*10^-9; 
 
%Plotting remanence against coercivity 
 
    plot(Hcs,Mrs,'k.','markersize',12) 
 
end 
 
%Input of constants 
 
K0 = 1*10^6;   %variable for different materials 
Ks = 0*10^-3;   %variable for different materials 
Ms0 = 4.78*10^4;  %variable for different materials 
KB = 1.380*10^-23;  %variable for different materials 
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T = 298; 
R = 10*10^-9;   %variable for different sizes 
a = 0*10^-9;   %variable for different materials 
f0 = 10^9; 
t = 100; 
Rc01 = 2.93*10^-9;   %variable for different materials 
figure(1) 
hold on 
 
%Calculations of remanence and coercivity ( second quadrant ) 
 
while a<5.5*10^-9 
S = 1+((3*Ks)/(K0*R)); 
W = -K0 * S * (4/3) * pi * R^3; 
C = 1 - (a/R); 
Z = KB * T; 
Y = W/Z; 
J = exp(Y); 
K = - t * f0 * J; 
M = exp(K); 
Mrs = -(Ms0 * C * M); % For calculating the remanence 
A = (2*K0)/(Ms0); 
B = 1 + ((3*Ks)/(K0*R)); 
C = 3 * KB * T; 
D = 4*pi*K0; 
N = 1-(a/R); 
Hcs = -(((A*B)/(N))*(1-((Rc01/R)^1.5))); % For calculating the coercivity 
a = a + 1*10^-9; 
 
%Plotting remanence against coercivity 
 
    plot(Hcs,Mrs,'k.','markersize',12) 
 
end 
 
%Input of constants 
 
K0 = 1*10^6;   %variable for different materials 
Ks = 0*10^-3;   %variable for different materials 
Ms0 = 4.78*10^4;  %variable for different materials 
KB = 1.380*10^-23;  %variable for different materials 
T = 298; 
R = 10*10^-9;   %variable for different sizes 
a = 0*10^-9;   %variable for different materials 
f0 = 10^9; 
t = 100; 
Rc01 = 2.93*10^-9;   %variable for different materials 
figure(1) 
hold on 
 
%Calculations of remanence and coercivity ( third quadrant ) 
 
while a<5.5*10^-9 
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S = 1+((3*Ks)/(K0*R)); 
W = -K0 * S * (4/3) * pi * R^3; 
C = 1 - (a/R); 
Z = KB * T; 
Y = W/Z; 
J = exp(Y); 
K = - t * f0 * J; 
M = exp(K); 
Mrs = Ms0 * C * M; % For calculating the remanence 
A = (2*K0)/(Ms0); 
B = 1 + ((3*Ks)/(K0*R)); 
C = 3 * KB * T; 
D = 4*pi*K0; 
N = 1-(a/R); 
Hcs = -((A*B)/(N))*(1-((Rc01/R)^1.5)); % For calculating the coercivity 
a = a + 1*10^-9; 
 
%Plotting remanence against coercivity 
 
    plot(Hcs,Mrs,'k.','markersize',12) 
 
end 
 
%Input of constants 
 
K0 = 1*10^6;   %variable for different materials 
Ks = 0*10^-3;   %variable for different materials 
Ms0 = 4.78*10^4;  %variable for different materials 
KB = 1.380*10^-23;  %variable for different materials 
T = 298; 
R = 10*10^-9;   %variable for different sizes 
a = 0*10^-9;   %variable for different materials 
f0 = 10^9; 
t = 100; 
Rc01 = 2.93*10^-9;   %variable for different materials 
figure(1) 
hold on 
 
%Calculations of remanence and coercivity ( forth quadrant ) 
 
while a<5.5*10^-9 
S = 1+((3*Ks)/(K0*R)); 
W = -K0 * S * (4/3) * pi * R^3; 
C = 1 - (a/R); 
Z = KB * T; 
Y = W/Z; 
J = exp(Y); 
K = - t * f0 * J; 
M = exp(K); 
Mrs = -(Ms0 * C * M); % For calculating the remanence 
A = (2*K0)/(Ms0); 
B = 1 + ((3*Ks)/(K0*R)); 
C = 3 * KB * T; 
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D = 4*pi*K0; 
N = 1-(a/R); 
Hcs = (((A*B)/(N))*(1-((Rc01/R)^1.5))); % For calculating the coercivity 
a = a + 1*10^-9; 
 
%Plotting remanence against coercivity 
 
    plot(Hcs,Mrs,'k.','markersize',12) 
    ax = gca; 
    ax.XAxisLocation = 'origin'; 
    ax.YAxisLocation = 'origin'; 
    box on 
    ylabel('M_r_,_s (10^4A/m)') 
    xlabel('H_c_,_s (J/A\cdotm^2)') 
    grid off 
end 
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